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1. Introduction 

The fundamental degrees of freedom of QCD, i.e., quarks and gluons, have 
never been observed in experiments. Only the color singlet combinations, 
hadrons (mesons and baryons) and glueballs, are expected to be observed. 
We wish to answer the question why color confinement occurs. In particular, 
we wish to clarify what the mechanism for quark confinement is. 

Dual superconductivity picture proposed by Nambu, 't Hooft and Man- 
delstam 1 in 1970s is based on the electric-magnetic duality of the ordinary 
superconductivity. In order to apply this idea to describe the dual super- 
conductivity in Yang-Mills theory, however, we must answer the questions: 

(1) How to extract the "Abelian" part responsible for quark confinement 
from the non- Abelian gauge theory in the gauge-invariant way without 
losing characteristic features of non- Abelian gauge theory, e.g., asymp- 
totic freedom. 7 

(2) How to define the magnetic monopole to be condensed in Yang-Mills 
theory in the gauge-invariant way even in absence of any fundamental 
scalar field, in sharp contrast to the Georgi-Glashow model. 



In this direction, a crucial idea called the Abelian projection was proposed 
by 't Hooft. 2 Recall that the Wilson criterion of quark confinement is the 
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area decay law of the Wilson loop average: 



tr 



'cxpl^ig (j) dx^srf^x) 



^ e -^JVA|S|_ 

YM 



Recent investigations have shown that quark confinement based on the dual 
superconductor picture is realized in the maximal Abelian gauge (MAG): 4,8 
the continuum form of MAG for SU(2) is (a background gauge) given by 

[d,S ab - ge ab3 Al(x)]Al(x) = (a, b = 1, 2), (2) 

for the Cartan decomposition: srf^ = A a ^^- + (a = 1,2). Numerical 

simulations on a lattice in MAG yield surprisingly the area decay law for 
the Abelian(-projectcd) Wilson loop in Yang-Mills theory: 

r \ MAG 

expig j dx»Al(x)) YM ~ e - CTAi>ei|s| ! (3) 

Remarkable results are the saturation of the string tension: 3 Abelian domi- 
nance 5 una ~ CAbei and the Monopolc dominance 6 a Abel ~ &monopole 
for the decomposition: A^ = Photon part + Monopole part. 
However, we have still problems: 

• The Abelian projection and MAG break SU(2) color symmetry explicitly. 

• Abelian dominance has never been observed in gauge fixings other than 
MAG. 

Then one raises the question: the dual superconductivity might not be 
a gauge-invariant concept? We wish to discuss how to cure these shortcom- 
ings. In this talk, we argue that 

(1) [gauge-invariant "Abelian" projection] The "Abelian" part V M responsi- 
ble for quark confinement can be extracted from the non- Abelian gauge 
theory by using a nonlinear change of variables in the gauge-invariant 
way without breaking color symmetry 

(2) [infrared "Abelian" dominance] The remaining part X M acquires the 
mass to decouple in the low-energy region, leading to infrared "Abelian" 
V M dominance. The dynamical mass originates from the existence of 
gauge-invariant dimension-2 vacuum condensate (X^) ^ 0. 

2. Non-Abelian Stokes theorem for the Wilson loop 
operator 

The Wilson loop operator for non- Abelian gauge field 



WcW] :=tr 



^exp jzg j> dx^srf^x) 



Ml), (4) 
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is rewritten into an Abelian form called the Diakonov-Petrov (DP) version 
of the non- Abelian Stokes theorem which was for the first time derived in 
rcf. 10 for SU(2). This was rederived in refs. 11 - 13 to be extented to SU(N) in 
refs. 12,13 Once a unit vector field n(x) is introduced, the SU(2) version is 

: [ d^ s (n)cx P Ug^ ( ^ dS^cA , 

J K J S:QS — C ) 

G^ v {x) =d li [n(x) ■ srf v {x)\ - d v [n(x) ■ ^(x)] - 5 _1 n(a;) • [d^n(x) x d u n(x)], 
n A {x)a A =U\x)a 3 U(x), s/^x) = srf A {x)a A /2, (5) 

and d/j,s(n) is the product of the invariant measure on SU(2)/U(1) over S: 

d[i s (n) := TT dfj,(n(x)), dfi(n(x)) = 5(n(x) ■ n(x) — l)d 3 n(x). 

(6) 

The "Abelian" field strength is SU(2) gauge invariant, since it is cast 
into the manifestly SU(2) invariant form: 

G^(x) =n(x) ■ &p V {x) - 5 _1 n(a;) • (D^n(x) x D v n(x)) 

=2tr {n(x)^ v (x) +ig- 1 n{x)[D ll n{x),D u n{x)]} , (7) 

where the gauge transformation is given by n{x) — ► ft (x)n{x)U (x) , 
W{x)D ll n{x)U{x), -► W(x)^ l/ (x)U(x). Note that 

G^v has the same form as the 't Hooft-Polyakov tensor under the identi- 
fication n A (x) <-> 4> A (x) :— (f) A (x)/\(f)(x)\. Therefore, the magnetic current 
fc M obeying the topological conservation law d^k^ = is defined by 

fc"(a;) :=d v *G^{x) = (l/2)e^d u G p Ax). (8) 

3. Reformulation of Yang-Mills theory based on the 
non-linear change of variables 

Using the Diakonov-Petrov NAST, we arrive at the expression for the Wil- 
son loop average W(C) :— {Wc[s^]) Y m- 

J Vfi[n] j V^e iS ^WAC) 

'.Sym 



(9) 



where we have defined the reduced Wilson loop operator 

J 
'2 



> \i<lii d 2 S^G^, (10) 



S:dS=C 
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and the new partition function Zym = J V^[n] J Vstf^ exp(iSVM[^])- 
Here we have inserted the unity into the functional integration, 1 = 
/ Vfj,[n] = J VnS{n ■ n - 1) := Y[ x m D j[dn{x)]5{n{x) ■ n{x) - 1). 
Suppose a unit vector field n(x) is given as a functional of j^(x) 

n(x) = n s /(x). (11) 

Then the "decomposition" (once known as Cho-Faddeev-Niemi (CFN) de- 
composition. 14 ~ 17 ) 



s#n(x) := c M (x)n(x) +g 1 d f ,n(x) x n(x) + X^(x) , (12) 

(Derestricted potential B M :magnetic potential covariant potential 

with 

Cft (x) = n(x) • <(x), X„(x) = 5 _1 n(x) x £>„[j*]n(a;), (13) 

is regarded as a non-linear change of variables (NLCV): 

«(x) -) n^(x),<(x) - n^c^.X^x). (14) 

A remarkable property of NLCV is that the curvature tensor ^^[V] 
obtained from the connection V M is parallel to n and its magnitude G M „ 
coincides exactly with G^ v appearing in NAST of the Wilson loop operator: 

J^[V](x) :=d,y v (x) - d v Y^x)+gY^x) x V v (x) = n(x)G^(x), 
-» G^(x) =n(x) • =^,[V](x) = cyn(x) • s/ v {x)] - d v [n{x) • ^(x)] 

- g^ 1 n(x) • [9 p n(x) x 5„ti(x)]. (15) 

The remaining issue is to answer how to define and obtain the color 
unit vector field n{x) from the original Yang- Mills theory written in 
terms of ^(x) alone. A procedure has been given in our reformulation of 
Yang-Mills theory in the continuum spacetime. 18,19 By introducing n(x) 
field in addition to ^,(x), we have a gauge theory with the enlarged 
gauge symmetry G, called the master Yang-Mills theory. We propose a 
constraint 18 (called the new Maximal Abclian gauge, nMAG) by which 
G := SU(2) U x [SU(2)/U(l)] e in the master Yang-Mills theory is bro- 
ken down to the diagonal subgroup: G' = 5/7(2): Minimize the functional 
/ d D x^g 2 X 2 l w.r.t. the enlarged gauge transformations: 

= S u , e J d D x^g 2 Xl = S u , e J d D x{D^]nf. (16) 

It has been shown that nMAG determines the color field n(x) as a functional 
of a given configuration of ^(x). Therefore, if we impose the new MAG 
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(16) to the master- Yang-Mills theory, we have a gauge theory (called the 
Yang-Mills theory II) with the local gauge symmetry G' := SU(2)^ cal 
with <jj'(x) = (lj^(x) 7 lj±(x) = 0±(x)), which is a diagonal SU(2) part of 
the original G := SU(2)f ocal x [SU(2)/U(l)]f ocal . The local gauge symmetry 
G' of the Yang-Mills theory II for new variables is 

&u>n =gn x w', (17) 

Soj'C^ =n ■ d^u)', (18) 

5^ = 9 X M x w', (19) 

=*L'V„ = D„[V]w', 6^ = (20) 

This should be compared with the conventional MAG. The old MAG leaves 
local Z7(l) and global U(l) unbroken, but breaks global SU(2). The new 
MAG leaves local G'=SU(2) and global SU(2) unbroken (color rotation 
invariant). This is an advantage of this reformulation. 



4. Gauge-invariant gluon mass and infrared Abelian 
dominance 

Note that the mass dimension-2 operator X 2 is invariant under the local 
gauge transformation II: 

O^(x)=0. (21) 
We claim the existence of gauge-invariant dimension-two condensate 20 

(OlX^aO-X^aOlO)™^. (22) 

How does such a gauge-invariant dimension-two condensates occur? It can 
be induced from the self-interactions among gluons: 

-\{S*» x X,) 2 , (23) 
since a rough observation yields 
- i(<?X M x X,) ■ (ffX" x X") 

[(-X 2 ) 6 AB (-XfXf)] X* = \ M %X, ■ X M , M 2 = | 9 2 <-X 2 ) . 

(24) 

This idea can be made precise. See ref. 20 for details. Consequently, the 
gauge-invariant mass term for "off-diagonal" X^ gluons is generated. This 
mass term is invariant under the local SU(2) gauge transformation II. Then 
the X M gluons to be decoupled in the low-energy (or long-distance) region. 
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This leads to the infrared Abelian dominance: The Wilson loop average is 
entirely estimated by the field V M alone. 

5. Lattice formulation and numerical simulations 

Our reformulation of Yang-Mills theory in the continuum spacetime 18,19 has 
been implemented on a lattice to perform numerical simulations as follows. 

• Non-compact formulation 21 has lead to 

• generation of color field configuration n(x) 

■ restoration of color symmetry (global gauge symmetry) 

• gauge-invariant definition of magnetic monopole charge 

• Compact formulation I 22 has succeeded to show 

• magnetic charge quantization subject to the Dirac quantization con- 
dition gg m /(4:'K) 6 Z 

• magnetic monopole dominance in the string tension 

• Compact formulation II 23 has confirmed 

• the non-vanishing gluon mass Mx = 1.2GeV (cf. MAG result 9 ) 

6. Conclusion and discussion 

Using a nonlinear change of variables, we have succeeded to separate the 
original SU(2) gluon field variables si^ into "Abelian" part and the 
"remaining" part X M without breaking color symmetry: 

in the following sense. 

• Yfj_ are responsible for quark confinement: the DP version of the non- 
Abelian Stokes theorem tells us that the non- Abelian Wilson loop operator 
is entirely rewritten in terms of the SU(2) invariant Abelian field strength 
G^u defined from the variable V M . This specification leads to a definition 
of gauge-invariant magnetic monopoles with the magnetic charge subject 
to Dirac quantization condition (which is confirmed by analytical and nu- 
merical methods) and magnetic monopole dominance in the string tension 
(confirmed by numerical method). 

• X p could decouple in the low-energy regime: This is because the X M gluon 
acquires the gauge-invariant mass dynamically through the non-vanishing 
vacuum condensation of mass dimension-two (X 2 ) ^ 0. This leads to the in- 
frared "Abelian" dominance. We have examined a possibility of dimension- 
two condensate (X 2 ) ^ by analytical 20 and numerical 24 methods. 

In ref., 25 we have discussed how the Faddeev model can be regarded as 
a low-energy effective theory of Yang-Mills theory to see the mass gap. 
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